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Z B = Bm+1 ⊂ Bm ⊂ · · · ⊂ B1 ⊂ B0`XZ8m^`cZ8SXZa[/UcSUXunZm^uRQRSXbt p eZazZaSUXu^Zmn`XgTtZ-SXS
X
[^ZaZ-s^SUXgm p ScS\¢Zagr`cZbUq`cZ p tvunZ8S
B
¡
Ü	Ü ß-T 3X÷*X
  $%	  $%
< R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+
• ?¹[6UXu^Zt p SVZ\gr p m p `XUXbteZ X ZazgreRb[  be[ p mEgRtv zZU C ginUcu^ZSjU p UcZ\SXm p tZ S tagr[/U p b[nb[  Nu p `vsgr¢nSVU p teZ8S*N Ucu^Z6SXZ8d/]^Z8[ntZ
B = Bm+1 ⊂ Bm ⊂ · · · ⊂ B1 ⊂ B0
`cZam^`cZ8SXZa[/UcSqUXu^Z6ZTbUeZazZa
SVZaUcS\Ucu^Zm^`cgTtZ8ScS[^ZaZ-s^SUXg`cZ p tvuUcg  ZUgz]TUgi
C
¢EZgz`XZN¢EZaZabe[   RbeeZ8s&¢RQ p [gr¢SjU p teZr¡
>	gNt p m^UX]^`cZôUcu^Z¢Z8u p Rbgz`	gr
X
¢EZUjZaZ8[Ucu^ZsTb :Za`cZa[/UZ8rZ8eS
B = Bm+1 ⊂ Bm ⊂ · · · ⊂ B1 ⊂ B0ZNb[/Uc`XgTsT]ntaZUXu^ZsTbSct`cZUXZNZ8rZa[/UV§RsT`cbzZa[SjUcgRtvu p SVUXbtlSXZ8d/]^Z8[ntZ
Xn = (Xt , Tn−1 ∧ T ≤ t ≤ Tn ∧ T ) ∈ E
bUXu
E =
⋃
t′≤t′′
D([t′, t′′], S)
gz` p [RQ
1 ≤ n ≤ m + 1 ¶TunZa`cZ Tn `cZam^`cZ8SXZa[/UvSôUcu^ZB8n`vSjUUcbY(Z X `XZ p tvu^Z-S Bn ¶RUcu p UqbS
Tn = inf{t ≥ 0 : Xt ∈ Bn}
bUXuMUXu^Z6tgr[RzZa[/UXbegr[
inf ∅ = ∞ ¡kUAUcu^beSlmEgrbe[zUZ$[^ZaZ-s¤UXgZa[nsTg} E bUXu p σ ¸ p   Za¢^` p ¡ ¥ be`cSVUZZRUcZa[ns p eUcu^ZNUX` p hjZ-tUXgz`XbeZ8S
X
¢RQ
0
SV]tvuUcu p UqUcu^ZaQ p `cZsTZ8n[nZ8s¤gr[&UXunZu^greZ`cZ p ebe[^Zr¡  Z
s^Za[^grUXZ¢RQ
X̃
UXu^Z6tgz`X`cZ8SXmgz[nsTbe[  ZRUcZa[nsTZ-s¤UX` p hjZ-tUcgr`cQr¡>\u^Z8Q p `XZUXu^Z8[5ZaeZaY(Z8[zUgi
D(R, S)
¶:gr[
unbetvuMZ$tagr[nSXbsTZa`AUXu^Z
σ
¸ p   Za¢^` p( Z8[^Za` p UcZ8s¤¢RQUXu^ZPR zgr`cgru^gTsY(ZUX`cbti¡B>\u^Za[LZtagr[nSXbsTZa`lUXu^Z
mn`XgTsT]ntU$SXm p taZ
Ẽ = D(R, S) × R̄+ × R̄+
Za[ns^g}Z-s­b®Ucu¬UXu^Z&m^`cgRs^]ntU
σ
¸ p   Za¢^` p ¡ ¥ b[ p eQ¦UXg
p [RQ¦Z8Z8Y(Za[/U
X ∈ E ¶sTZ8n[^Z8s gr[ p [be[/UXZa`c p  [s, t] ¶Z p SXSXgTtb p UcZ (X̃, s, t) ∈ Ẽ ¡PRg¦Zu p zZbeY¢EZ8snsTZ8s
E
be[
Ẽ
be[LSX]ntvu p  p QUcu p U p eUcu^Z(SjU p [ns p `csª]^[ntUcbgz[ p S :
sup, inf, . . .
= u p rZ  gRgTs
Y(Z p SX]^` p ¢^bebUjQ¤m^`XgzmZ8`VUcbZ-Sa¡  ZsTZa[ngiUXZ6¢RQ
Bb(E)
Ucu^Z(Y(Z p SX]^` p ¢^eZ¢Egr]n[nsTZ8s5]^[ntUXbegr[nS`cgrY
E:Ïgr`Z-dz]nb p eZa[/UcQbUcSqbY pi Zlbe[
Ẽ
= be[zUcg
R
¡
 giUXbtZNUcu p U
• b® T < Tn−1 ¶TUcu^Za[ Xn = {XT } p [ns XTn∧T = XT 6∈ Bn
¶
• b® Tn−1 ≤ T < Tn ¶TUXunZa[ Xn = (Xt , Tn−1 ≤ t ≤ T ) p [ns XTn∧T = XT 6∈ Bn
¶
• 8n[ p eQr¶Eb® Tn ≤ T ¶^UXu^Z8[ Xn = (Xt , Tn−1 ≤ t ≤ Tn) `XZ8m^`XZ-SVZ8[/UcSUXunZm p UXuªgi X ¢EZUjZaZ8[UXu^ZSX]nt8tZ8ScSXbzZleZazZaS
Bn−1
p [ns
Bn
¶ p [ns
XTn∧T = XTn ∈ Bn
¡
; gz[nSXZ8d/]^Za[/UcQz¶
XTn∧T ∈ Bn
b p [ns&gr[^eQb
Tn ≤ T
¡-6Qtgz[nSVUX`c]ntUcbgz[&Z p SVg6[^giUcbetaZNUXu p U
T0 = 0 ≤ T1 ≤ · · · ≤ Tm ≤ Tm+1 = TB
p [nsgr`Z p tvu
n
(Tn−1 > T ) ⇒ (Tp > T
p [ns
Xp = {XT } 6⊂ Bp
¶Rgr` p 
p ≥ n) .
¥ `XgzYUXunZ8SXZgz¢nSXZa`c p UXbegr[Zt p [ p UXZa`c[ p UXberZaeQsTZ8n[^ZNUXunZNUXbeY6Z-S
Tn
¢RQUcu^Zb[sT]ntUcbzZNgr`cY]^ p
Tn = inf{t ≥ Tn−1 : Xt ∈ Bn}
bUXu¤Ucu^Z$tagr[RrZ8[/UXbegr[
inf ∅ = ∞ SVg(Ucu p U Tn > T bZabUXunZa` Tn−1 > T gz`qb®ôSVU p `VUcb[  b[ Bn−1 p UUcbY(Z
Tn−1
Ucu^Zm^`cgTtZ8ScS[^ZazZa``cZ p tvu^Z8S
Bn
¢EZgz`XZUXbeY(Z
T
¡  Z p eSXg6gr¢nSXZa`crZlUXu p U
(TB ≤ T ) ⇔ (Tm+1 ≤ T ) ⇔ (T1 ≤ T, · · · , Tm+1 ≤ T )
(Û0Ü( 
 
	 
	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01 |
6Q©UXunZ­SVUX`cgr[  £Mp `X zg} m^`cgrmEZa`XUjQ Z­tvu^Z8tv ©Ucu p UUXu^Z­SVUXgTtvu p SVUXbt5SXZ8d/]^Z8[ntZ
(X0 , · · · , Xm+1)gz`XYS p [
E
¸I p e]^Z-s £Mp `c rg}¦tvu p be[·¡ l[^Z p QLUXg­tvu^Z8tv ¦u^ZUcu^Za`6Ucu^Z&m p UXu u p S6SV]tatZ8Z8sTZ-s­UXg
`cZ p tvuUXu^Z(sTZ8SXbe`XZ-s
n
¸3UcuMZ8rZ8bSqUcg&tgz[nSXbesTZ8`qUcu^ZmEgiUcZa[/UXb p 	]^[ntUXbegr[nS
gn
gr[
E
s^Z8n[^Z-s¤gr`Z p tvu
x = (xt , t
′ ≤ t ≤ t′′) ∈ D([t′, t′′], S) b®Ucu t′ ≤ t′′ ¢RQ
gn(x) = 1(xt′′ ∈ Bn)
?¹[Ucu^beS\[ngiU p UXbegr[·¶TZu p zZAgz`Z p tvu
n
(Tn ≤ T ) ⇔ (T1 ≤ T, · · · , Tn ≤ T ) ⇔ (g1(X1) = 1, · · · , gn(Xn) = 1) ,
bI¡ Zr¡
1(Tn ≤ T ) =
n∏
k=0
gk(Xk) ,
p [ns
f(Xn) 1(Tn ≤ T ) = f(Xt , Tn−1 ≤ t ≤ Tn) 1(Tn ≤ T ) .
¥ gr` p UcZa`m^]^`cmEgzSXZr¶TZbe[/UX`cgTsT]ntZUcu^ZNgreg}be[  [^giU p Ucbgz[
(X0, · · · , Xn) = (X0, (Xt , 0 ≤ t ≤ T1 ∧ T ), · · · , (Xt , Tn−1 ∧ T ≤ t ≤ Tn ∧ T ))
= [Xt , 0 ≤ t ≤ Tn ∧ T ] .
?¹[/Uc`XgTsT]ntab[  Ucu^Z ¥ Z8QR[^Y p [R§T¨ p tsTbeSVUX`cbe¢^]TUXbegr[
ηn
sTZ8[^Z8s¢RQ
ηn(f) =
γn(f)
γn(1)
b®Ucu
γn(f) = E(f(Xn)
n∏
k=0
gk(Xk)) ,
gz` p [/Q$¢gz]^[nsTZ-sY(Z p SV]^` p ¢nZ\]^[tUXbegr[
f
s^Z8n[^Z-sgr[
E
¶/Z p `cZq[^g} p ¢nZUcgSVU p UcZUXunZqgreeg}b[ 
¥ ZaQR[^Y p [T§R¨ p tl`cZam^`cZ8SXZa[/U p UXbegr[gr	Ucu^Zd/] p [/Ucb®UcbZ-S : Hr¡DH = ¡
  °R´  °  " # # °
	° # °/±   ·¯ ^ ´    #3 $ +.
n
$# .
f ∈ Bb(E) 

 (
E(f(Xt , Tn−1 ≤ t ≤ Tn) | Tn ≤ T ) =
E(f(Xn)
n∏
p=0
gp(Xp))
E(
n∏
p=0
gp(Xp))
=
γn(f)
γn(1)
= ηn(f) ,

P(Tn ≤ T ) = E(
n∏
k=0
gk(Xk)) = γn(1) .
Ü	Ü ß-T 3X÷*X
{  $%	  $%
< R<+
      
 $O+.
f ∈ Bb(En+1) 
  (  
E(f([Xt , 0 ≤ t ≤ Tn]) | Tn ≤ T ) =
E(f(X0, · · · , Xn)
n∏
p=0
gp(Xp))
E(
n∏
p=0
gp(Xp))
>\unZNSVUX` p b  u/UXgr`c p `cs(gz`XY$]^ p
P[Tn ≤ T ] =
n∏
k=0
P[Tk ≤ T | Tk−1 ≤ T ] ,
unbetvu©SVu^g}qSu^g}Ucu^Z&zZa`cQ¬SVY p em^`Xgz¢ p ¢nbeb®UjQ­gr p ` p `cZZ8rZa[/U(t p [ ¢ZªsTZ-tgrY(mEgzSXZ8s¬be[/UXgLUXu^Z
mn`XgTsT]ntUAgi+`cZ p SVgz[ p ¢^eQSXY p e¢^]TU[^giUlUXgRgSXY p e	tgz[nsTbUXbegr[ p ·m^`cgr¢ p ¢^bebUXbeZ8S8¶nZ p tvuªgi+u^btvuMtgz`V¸
`cZ8SXmEgr[nsTbe[  UXgUXu^ZUc` p [nSXb®Ucbgz[¢EZUjZaZ8[¤Ujg(Z8rZa[/UvSa¶Et p [¤¢EZ`cZ8tg}zZa`vs`cgrY UXu^ZUXu^ZZae®§/ R[^g}[
bsTZ8[zUcb®UjQ
γn(1) =
n∏
k=0
ηk−1(gk) ,
p [nsbee/mn`Xg}RbsTZUcu^Z¢ p SXbeSgr`0UXunZZFtabZ8[/U0[R]^Y(Za`cbt p  p mnm^`Xg TbeY p UXbegr[be[$UXZa`cYSgr p [$b[/UcZa` p tUcb[ 
m p `XUXbteZNSXQTSjUcZaY¤¡ >\u^Z-SVZtagr[ns^b®Ucbgz[ p m^`cgr¢ p ¢^bebUXbeZ8S p `cZ[ngiUq R[^g}[b[ p s^ p [ntZz¶ p [s p `XZNeZ p `X[^Z-s
¢RQUcu^Z p   gz`XbUXunY p S\Zae3¡
  	
! 

& 	  &a
?¹[(m^`cZaRbegr]nS+SVUX]sTbZ-S Ê|T¶r{ZsTZ-SVb  [ p tgzeZ8tUXbegr[6gi:¢^` p [ntvu^be[ p [ns$be[zUcZa` p tUXbe[  m p `XUXbteZSVQTSVUXZaYS
p m^m^`cg TbY p Ucb[  Y(gTsTZaSlgr`SXgre/be[ p& Za[^Z8` p 0ta p SXSgr ¥ Z8QR[^Y p [R§T¨ p tY(gTsTZ8eS8¡ >\unZ8SXZ6m p `XUXbteZ
UcZ8tvu^[nbed/]^Z-St p [¢ZN]nSXZ8sUXg(SXgrerZlUXu^Zgr`cY]n p Zlm^`cZ8SXZa[/UcZ8sbe[ >\u^Zagz`XZ8Y Hr¡DHr¡  ZB8n`vSVUgTt]S\gr[ p
SXbeY6mnZNY]^U p Ucbgz[}SXZaeZ8tUXbegr[  Z8[^ZUcbet p   gz`XbUXunY¡
 
		
>	gsTZ8Sct`cbe¢ZNUcu^beSqm p `XUXbteZ p m^m^`cg TbY p UXbe[  Y(gTsTZ8·Z'8n`vSVUq`XZ-t p e:UXu p UUXunZ ¥ ZaQR[^Y p [R§R¨ p tlsTbSVUX`cb®¸
¢n]TUXbegr[ ng}
ηn ∈ P(E)
sTZ8n[nZ8s&¢/Q
ηn(f) =
γn(f)
γn(1)
b®Ucu
γn(f) = E(f(Xn)
n−1∏
p=0
gp(Xp))
bSSXgre]TUXbegr[gi0UXu^ZNgzeg}be[  Y(Z p SX]^`XZN p e]^Z-s&sTQR[ p Y(bet p ·SXQRSVUXZ8Y
ηn+1 = Φn+1(ηn)
:
2^¡DH =
(Û0Ü( 
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 
>\unZY p m^m^be[  S
Φn+1
`XgzYUXu^ZSXZUqgr	Y(Z p SV]n`XZ-S
Pn(E) = {η ∈ P(E) , η(gn) > 0}
be[/UXg
P(E)
p `XZsTZ8n[^Z-s&¢RQ
Φn+1(η)(dx
′) = (Ψn(η) Kn+1)(dx
′) =
∫
E
Ψn(η)(dx) Kn+1(x, dx
′)
>\unZ £Mp `X zg} rZ8`X[^Z8eS
Kn(x, dx
′)
`cZam^`cZ8SXZa[/UUcu^Z £5p `c rg}¬Uc` p [nSVbUXbegr[SgiUcu^Z­tvu p be[
Xn
¡ >\u^Z
]nmEs p UXbe[  Y p m^m^be[  S
Ψn
p `cZs^Z8n[^Z-s `XgzY
Pn(E)
be[zUcg
Pn(E)
p [ns¬gz` p [RQ
η ∈ Pn(E)
p [ns
f ∈ Bb(E)
¢RQUcu^ZNgr`cY]n p
Ψn(η)(f) = η(f gn)/η(gn)
>\uR]nS\ZSVZ8ZUXu p UUXu^Z`cZ8ta]^`cSXbegr[ :2^¡DH = be[/zgrerZ-SôUjgSVZ8m p ` p UcZSXZaeZ8tUXbegr[ Y]TU p UXbegr[Uc` p [nSVbUXbegr[S
ηn ∈ P(E)  
  	

−−−−−−→ η̂n = Ψn(ηn) ∈ P(E)
  	

−−−−−−→ ηn+1 = η̂n Kn+1 ∈ P(E)
:2^¡Ê =
?¿U+bS p SXgtagr[RrZ8[zUcbZ8[/U	Ucg`cZ8t p e/UXu p U+UXu^Z)8n[^bUXZ p [ns$mg/SVbUXberZ\Y(Z p SV]^`cZ8S
γn
gz[
E
t p [$¢EZ\ZTm^`cZ8ScSVZ-s
be[UXZ8`XYS\gi	UXu^Zg} {η0, · · · , ηn} ¶T]SVbe[  UXu^ZZ p SXbeQtvu^Z-tv rZ-sgr`cY]n p
γn(f) = ηn(f)
n−1∏
p=0
ηp(gp)
?¹[Ucu^Z8SXZN[^giU p UXbegr[S\ZN`cZ p s^beQgr¢SVZ8`XzZqUXu p U
γn(gn) = P(Tn ≤ T )
p [ns
η̂n(f) = Ψn(ηn)(f) = E(f(Xt , Tn−1 ≤ t ≤ Tn) | Tn ≤ T )
>\unZ  Za[^ZaUXbt&UjQ/mEZ
N
§Rm p `XUXbteZSXQTSjUcZaY p SXSXgTtb p UcZ8sbUXu p [ p ¢SjUc` p tUY(Z p SX]^`cZ& p ]^Z-s mn`XgTtZ-SXS
grUXu^Zgr`cY :2^¡DH = beSUXu^Z £Mp `c rg}Ltvu p be[
ξn = (ξ
1
n, · · · , ξNn )
U p  Rbe[   p e]^Z-S p U$Z p tvu­UXbeY(Z
n
be[
Ucu^Zªm^`cgTsT]ntUSVU p UXZMSXm p taZ8S
EN ∪ {∆} u^Z8`XZ ∆ SjU p [ns^Sgr` p tZ8Y(ZUXZ8`XQ gr`tagF[ mEgrbe[/U8¡ ?¿UcSUc` p [nSXb®Ucbgz[nS p `XZsTZ8n[^Z-s p Sqgreg}qS8¡ ¥ gz` p [/Q¤tgz[ 8  ]^` p UXbegr[
x = (x1, · · · , xN ) ∈ EN SX]ntvuªUcu p U
1
N
N∑
i=1
δxi ∈ Pn(E)
ZNSXZU
P(ξn+1 ∈ dy | ξn = x) =
N∏
p=1
Φn+1(
1
N
N∑
i=1
δxi)(dy
p)
:
2^¡ 2 =
Ü	Ü ß-T 3X÷*X
H-  $%	  $%
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+
unZa`cZ
dy = dy1 × · · · × dyN bS p [¬b[ 8[^b®UcZ8SXbY p ô[^Z8b  u/¢Egr`cu^gRgTs5gr y = (y1, · · · , yN ) ∈ EN ¡ unZa[UXu^ZSXQTSjUcZaY p `X`cberZ8Sbe[¤SXgrY(Ztgz[ 8  ]^` p UXbegr[
ξn = x
SV]tvu&Ucu p U
1
N
N∑
i=1
δxi 6∈ Pn(E)
Ucu^Zªm p `VUcbetaZ p   gz`XbUXunYbeSSVUXgzm^mEZ8s p [ns©ZªSVZaU
ξn+1 = ∆
¡ >\unZªb[^bUXb p lSVQTSVUXZaY giNm p `XUXbteZ8S
ξ0 = (ξ
1
0 , · · · , ξN0 )
tagr[nSXbSjUvSbe[
N
be[nsTZ8mZ8[nsTZa[/U¤` p [nsTgzY  p `cb p ¢^eZ8Sb®Ucu tgzY(Y6gz[# p 
η0 =5	p 
(X0) =
5	p 
(X0)
¡)>\unZSV]^mEZa`vSct`cbmTU
i = 1, · · · , N `cZamn`XZ-SVZ8[zUvSUXu^Z p ¢Z8·giUXunZm p `XUXbteZ p [nsUcu^Zm p ` p Y6ZaUXZ8`
N
bS\UXu^ZSXbDCaZNgi	UXu^ZSXQTSjUcZaYS p [ns&Ucu^Zm^`cZ8tbSXbgz[gi0UXunZ p   gr`cbUXu^Y¤¡
 ZRUZMs^Z8Sct`cb¢EZ¤b[ Y(gr`cZªsTZU p beeS(Ucu^Z  Z8[^ZUcbetZ8rgre]TUcbgz[ grlUcu^Zªm p UcuT¸¿m p `XUXbteZ8S8¡#kUUXu^Z
UcbY(Z
n = 0
UXu^Zbe[^bUXb p tagr[ 8  ]^` p UXbegr[¦tgz[nSVbSVUcSb[
N
b[sTZamEZa[ns^Za[/U p [nsLbsTZa[/UXbt p eQ5sTbSVUX`cb¢^]^UXZ8s
S
¸I p e]^Z-s&` p [sTgrY  p `cb p ¢^Z-S
ξi0
b®UcuMtgrY(Y(gr[ª p 
η0
¡APTb[ntaZZu p rZ
g0(u) = 1
gr`
η0
¸ p eY(gzSVU
Z8rZ8`XQ
u ∈ S ¶zZAY p Q(sTbSXt p `vs6UXu^ZNSVZ8Z-tUcbgz[ p UôUcbY(Z n = 0 p [nsSVZaU ξ̂i0 = ξi0
gr`Z p tvu
1 ≤ i ≤ N ¡?¿0Z]nSXZUXu^Ztgz[RrZa[/Ucbgz[
T i−1 = T̂
i
−1 = 0
p [nsb®ZNSXZU
T i0 = T̂
i
0 = 0
Z[^grUXbtZlUXu p UUcu^ZSXb[  Z
SVU p UXZ-S
ξi0
p [ns
ξ̂i0
t p [¢Z`cbUVUXZ8[¤b[&UXu^Zm p UXu^¸3gz`XY
ξi0 = ξ
i
0(0) = (ξ
i
0(t) , T
i
−1 ≤ t ≤ T i0)
p [ns
ξ̂i0 = ξ̂
i
0(0) = (ξ̂
i
0(t) , T̂
i
−1 ≤ t ≤ T̂ i0)
>\u^Z  -T ´ a}  Ï ´ 
ξ̂n → ξn+1
p UlUcbY(Z
(n + 1)
bSlsTZ8n[^Z-s p SAgreeg}qSa¡B?¿
ξ̂n = ∆ZSVZaU
ξn+1 = ∆
¡ AUcu^Za`cbeSXZsT]^`cb[  Y$]TU p UXbegr[·¶	b[sTZamEZa[ns^Za[/UXeQ5grZ p tvu¦giUXunZa`-¶·Z p tvu¦SXZaeZ8tUXZ8s
m p UXu^¸Im p `VUcbetaZ
ξ̂in = (ξ̂
i
n(t) , T̂
−,i
n ≤ t ≤ T̂+,in )
Z8rgzzZ8SN` p [nsTgzY(Q p tatagr`vsTb[  UcgªUXunZ £Mp `c rg}¤Uc` p [nSXb®Ucbgz[
Kn+1
gi\UXunZ £Mp `c rg}Mtvu p be[
Xn+1
p U
UcbY(Z
(n + 1)
SXg$Ucu p U
ξin+1 = (ξ
i
n+1(t) , T
−,i
n+1 ≤ t ≤ T+,in+1)
bS p ` p [nsTgzY« p `cb p ¢^ZbUXuMsTbSjUc`Xbe¢^]TUcbgz[
Kn+1(ξ̂
i
n, dx
′)
¡
?¹[&giUXunZa`ôgr`vs^S8¶iUcu^Z p   gr`cb®Ucu^Y  gRZ8Sebe rZqUcu^bSô¢EZUjZaZ8[SjUcZamnS
n
p [s
n+1
¡ ¥ gz`ôZ p tvum p `VUcbetaZ
i
Z$SVU p `VU p UX` p hjZ-tUcgr`cQ`cgrY
ξ̂in
p UAUXbeY(Z
T−,in+1 = T̂
+,i
n
¶ p [nsªeZUb®UNZazgrerZ` p [sTgrY(eQ p S p tgrmRQ
{ξin+1(s) , s ≥ T−,in+1}
gi	UXu^Zm^`XgTtaZ8ScS {Xs , s ≥ T−,in+1}
¶T]^[/UXbe·UXunZSjUcgrm^m^be[  UXbeY(Z
T i+,n+1
¶^u^btvu
bS\ZabUXunZa`
T+,in+1 = inf {t ≥ T−,in+1 : ξin+1(t) ∈ Bn+1 ∪ R},
be[ªt p SVZgi p `XZ-t]^`c`XZ8[/U\SXZUUcg6¢EZ p rgzbes^Z8s¶Rgr`
T+,in+1 = T ∧ inf {t ≥ T−,in+1 : ξin+1(t) ∈ Bn+1},
be[ªt p SVZgi p sTZUcZa`cY6be[^bSjUcbet'8[ p :UcbY(Zr¶sTZamEZa[ns^b[  gz[Ucu^Zm^`cgr¢^eZaY p Uqu p [ns¡
(Û0Ü( 
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>\u^Z  ° # ° r ´  a}  Ï ´ 
ξn+1 → ξ̂n+1
beS	sTZ8[^Z8s p SEgreg}qS8¡ ¥ `cgrYBUXu^Zôm^`XZ8Rbgz]nS:Y]TU p Ucbgz[
Uc` p [nSXb®Ucbgz[&ZNgr¢TU p be[
N
m p UcuT¸¿m p `XUXbteZ
ξin+1 = (ξ
i
n+1(t) , T
−,i
n+1 ≤ t ≤ T+,in+1)
l[nQSXgrY(ZAgrUcu^Z8SXZlm p `XUXbteZlu p zZlSX]ntataZaZ-sTZ8sUXg6`XZ p tvuUcg6sTZ-SVbe`cZ8sSXZU
Bn+1
p [nsUXu^ZNgrUXu^Z8`gz[^Z8S
u p rZ6 p beZ-s¡  ZsTZa[ngiUXZ¢RQ
INn+1
UXu^Z p ¢Z8eSgi\UXu^Zm p `XUXbteZ8Su p /be[  SX]ntataZaZ-sTZ8sLUXg5`XZ p tvu¦UXu^Z
(n + 1)
¸3UcueZazZa
INn+1 = {i = 1, · · · , N : ξin+1(T+,in+1) ∈ Bn+1}
?¿
INn+1 = ∅
UXu^Z8[¤[^gr[^ZgrUcu^Zm p `XUXbteZ8S\u p rZNSV]nt8tZ8Z8sTZ-sUcg`XZ p tvuUcu^ZsTZ-SVbe`XZ-seZazZaI¡PRb[tZ
INn+1 = ∅ ⇐⇒
1
N
N∑
i=1
gn+1(ξ
i
n+1) = 0 ⇐⇒
1
N
N∑
i=1
δξin+1
6∈ Pn+1(E)
ZSVZ8Z\UXu p Ub[6Ucu^beSôSVbUX] p UXbegr[6UXunZ p   gr`cbUXu^Y bSSVUXgzm^mZ-s p [ns
ξ̂n+1 = ∆
¡AUcu^Za`cbSVZUXunZqSVZ8Z-tUXbegr[
Uc` p [nSXb®Ucbgz[grTUXu^Z
N
¸Im p `XUXbteZY(gRs^ZaS :
2n¡ 2 =p [sS:
2^¡Êy =·p `cZsTZ8n[nZ8s p Sgreeg}qSa¡ ?¹[NUcu^ZQ8`cSVU	SXb®Uc] p Ucbgz[
Ucu^ZNSVQTSVUXZaY
ξ̂n+1 = (ξ̂
1
n+1, · · · , ξ̂Nn+1)
tagr[nSXbeSVUcSbe[
N
be[nsTZ8mZ8[nsTZa[/U :  bzZa[Ucu^Zlm p SVU]^[/UXbeEUXu^Zl p SjU
Y$]TU p UXbegr[ = ` p [ns^grY« p `cb p ¢^eZ8S
ξ̂in+1 = (ξ̂
i
n+1(t) , T̂
−,i
n+1 ≤ t ≤ T̂+,in+1)
bUXuªtagrY(Y(gr[¤sTbeSVUX`cbe¢^]TUXbegr[
Ψn+1(
1
N
N∑
i=1
δξin+1
) =
N∑
i=1
gn+1(ξ
i
n+1)
N∑
j=1
gn+1(ξ
j
n+1)
δξin+1
=
1
|INn+1|
∑
i∈INn+1
δ
(ξin+1(t) , T
−,i
n+1 ≤ t ≤ T+,in+1)
?¹[SXbY(m^eZgr`vs^S8¶aZsT` p 5UXu^Z8Y ]n[^b®gz`XY(eQ p Y6gz[  UXu^ZSV]ntaZ8ScSj]nimnbZ-tZ8S·gi/UX` p hjZ8tUXgz`XbeZ8S {ξin+1, i ∈
INn+1}
¡
   	  	    
klSY(Za[/UXbegr[^Z-s p ¢g}zZôUcu^Zqtvu^gzbetaZgrUcu^Z
N
¸Im p `XUXbteZ p m^m^`cg RbeY p Ucb[  Y(gTsTZaTgr :
2n¡H = beS[^grU]^[^bd/]^Zr¡
6Z8g}¶RZmn`Xgzmg/SVZ p [ p UXZ8`X[ p UXberZNSXtvunZaY(ZNu^betvu¤tgz[/U p be[nSbe[¤SXgrY(ZSXZa[nSXZNZ-SXS` p [nsTgzY([^Z8ScS  I¡
>\unZA rZ8Q(besTZ p bSUcg[^grUXbtZAUXu p UUcu^ZA]^m:s p UXbe[  Y p m^m^be[ 
Ψn : Pn(E) → Pn(E)
t p [¢EZA`cZa`cb®UXUXZa[
be[UXu^ZNgzeg}be[  gz`XY
Ψn(η)(dx
′) = (η Sn(η))(dx
′) =
∫
E
η(dx) Sn(η)(x, dx
′) ,
:
2^¡   =
bUXuUcu^ZtgzeZ8tUXbegr[gi £5p `c rg}6UX` p [nSXbUXbegr[ rZa`c[^Z8eS
Sn(η)(x, dx
′)
gr[
E
sTZ8n[nZ8s¢RQ
Sn(η)(x, dx
′) = (1 − gn(x)) Ψn(η)(dx′) + gn(x) δx(dx′) ,
Ü	Ü ß-T 3X÷*X
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unZa`cZ
gn(x) = 1(gn(x) = 1)
= 1(x ∈ g−1n (1)) ,
p [ns&u^Za`cZ
g−1n (1)
SjU p [ns^Sgz`\UXu^ZSXZUgr0m p UXunS\be[
E
Za[/UXZ8`Xbe[  UXu^ZeZazZa
Bn
¶RUXu p UqbS
g−1n (1) = {x ∈ E : gn(x) = 1} = {x ∈ D([t′, t′′], S) , t′ ≤ t′′ : xt′′ ∈ Bn} .
?¹[sTZaZ-s
(η Sn(η))(dx
′) = Ψn(η)(dx
′) (1 − η(gn)) +
∫
E
η(dx) gn(x) δx(dx
′) ,
unZa[ntaZ
(η Sn(η))(f) = Ψn(η)(f) (1 − η(gn)) + η(f gn) = Ψn(η)(f) ,
gz` p [RQ¢Egr]n[nsTZ8s¤Y(Z p SX]^` p ¢^eZl]n[ntUcbgz[
f
sTZ8n[^Z-s&gz[
E
¶nu^btvu¤m^`Xg}zZ8S :2^¡   = ¡ ?¹[¤UXu^bS[^grU p Ucbgz[·¶
:2^¡DH = t p [&¢EZ`cZa`cb®UXUXZa[ p S
ηn+1 = ηn Kn+1(ηn) ,
bUXuUcu^ZtgzY6mEgzSXbUXZ £Mp `c rg}6Uc` p [nSVbUXbegr[ rZ8`X[nZa
Kn+1(η)
sTZ8n[nZ8s&¢/Q
Kn+1(η)(x, dx
′) = (Sn(η) Kn+1)(x, dx
′) =
∫
E
Sn(η)(x, dx
′′) Kn+1(x
′′, dx′)
>\unZ p UXZ8`X[ p UXberZ
N
¸¿m p `XUXbteZY(gTsTZa p ScSXgRtab p UXZ-s¤b®UcuMUXunbeS[^Z8wsTZ8Sct`cbemTUXbegr[MbSsTZ8n[nZ8s p SA¢EZgz`XZ
¢RQ`cZamn p tbe[  :2^¡ 2 = ¢RQ
P(ξn+1 ∈ dy | ξn = x) =
N∏
p=1
Kn+1(
1
N
N∑
i=1
δxi)(x
p, dyp)
:
2^¡Êy =
6QªsTZ8n[^bUXbegr[5gr
Φn+1
p [s
Kn+1(η)
Zu p zZgr` p [RQªtgz[ 8  ]^` p UXbegr[
x = (x1, · · · , xN ) ∈ EN
bUXu 1
N
N∑
i=1
δxi ∈ Pn(E)
Φn+1(
1
N
N∑
i=1
δxi)(dv) =
N∑
i=1
gn(x
i)
N∑
j=1
gn(x
j)
Kn+1(x
i, dv)
?¹[¤Y$]ntvuUcu^ZS p Y(ZN p QZ'8n[ns&UXu p U
Kn+1(
1
N
N∑
i=1
δxi) = Sn(
1
N
N∑
i=1
δxi ) Kn+1
(Û0Ü( 
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bUXuUcu^ZSVZ8Z-tUcbgz[Uc` p [nSVbUXbegr[
Sn(
1
N
N∑
i=1
δxi)(x
p, dv) = (1 − gn(xp)) Ψn(
1
N
N∑
i=1
δxi)(dv) + gn(x
p) δxp(dv)
unZa`cZ
Ψn(
1
N
N∑
i=1
δxi) =
N∑
i=1
gn(x
i)
N∑
j=1
gn(x
j)
δxi
>\uR]nS8¶TZSXZaZUXu p U\UXu^ZNUc` p [nSXb®Ucbgz[
ξn → ξn+1
giUcu^ZNgr`cY(Za` £Mp `X zg}6Y(gTsTZ8eS\SXm^bUcSq]^m&be[/UXg6Ujg
SXZam p ` p UXZ  Z8[^ZUcbetlUjQRmEZY6Z-tvu p [nbeSXYS
ξn ∈ EN ∪ {∆}  
  	

−−−−−−→ ξ̂n = (ξ̂in)1≤i≤N ∈ EN ∪ {∆}
  	

−−−−−−→ ξn+1 ∈ EN ∪ {∆}
6Qtagr[nSVUX`c]ntUXbegr[ZN[^grUXbtZUXu p U
ξn = ∆ =⇒ ∀p ≥ n ξp = ∆
p [ns
ξ̂p = ∆
6Q­sTZ8[^b®Ucbgz[giUcu^Zm p UXu  p ]nZ8s £Mp `X zg}5tvu p b[
Xn
Ucu^beS  Z8[^ZUcbetY(gRs^Zatagr[nSXbSjUvSbe[
N
¸¿m p Ucu
 p ]^Z-sm p `XUXbteZ8S
ξin = (ξ
i
n(t) , T
−,i
n ≤ t ≤ T+,in ) ∈ D([T−,in , T+,in ], S)
ξ̂in = (ξ̂
i
n(t) , T̂
−,i
n ≤ t ≤ T̂+,in ) ∈ D([T̂−,in , T̂+,in ], S) .
>\unZ` p [sTgrY UcbY(Z¸¿m p b`vS
(T−,in , T
+,i
n )
p [s
(T̂−,in , T̂
+,i
n )
`cZamn`XZ-SVZ8[zUUXunZ#8`cSVU p [ns& p SjU\UcbY(ZNgi0UXu^Z
tagr`c`XZ-SVmEgr[sTb[  m p UXunS8¡
?¹[UXunZ p UXZa`c[ p UXberZY6gTsTZ8 :
2n¡ y = Z p tvum p `VUcbetaZ
ξ̂in+1 = (ξ̂
i
n+1(t) , T̂
−,i
n+1 ≤ t ≤ T̂+,in+1)
bSS p Y(m^eZ8s p tatagr`vsTbe[  Ucg(UXu^ZSXZaeZ8tUXbegr[¤sTbSjUc`Xbe¢^]TUcbgz[
Sn+1(
1
N
N∑
j=1
δ
ξjn+1
)(ξin+1, dv)
= (1 − gn+1(ξin+1)) Ψn(
1
N
N∑
j=1
δ
ξjn+1
)(dv) + gn+1(ξ
i
n+1) δξin+1
(dv)
= 1
(ξin+1(T
+,i
n+1) 6∈ Bn+1)
Ψn(
1
N
N∑
j=1
δ
ξjn+1
)(dv) + 1
(ξin+1(T
+,i
n+1) ∈ Bn+1)
δξin+1
(dv)
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£ gr`cZlm^`cZ8tabeSXZaeQZNu p rZ
ξin+1(T
+,i
n+1) ∈ Bn+1 =⇒ ξ̂in+1 = ξin+1 .
?¹[5UXu^Z6grmnmg/SVbUXZ6Z6u p zZ
ξin+1(T
+,i
n+1) 6∈ Bn+1
u^Za[LUXu^Z6m p `VUcbetaZ$u p S[^grUNSX]ntataZaZ-sTZ8s¤Ucg&`cZ p tvu
Ucu^Z
(n + 1)
§/UXu¤Z8rZ83¡ ?¹[UXu^bSqt p SXZ
ξ̂in+1
bStvu^gzSXZa[` p [nsTgzY(Q p [ns]n[^b®gz`XY(eQbe[UXu^ZSXZU
{ξjn+1 : ξjn+1(T+,jn+1) ∈ Bn+1} = {ξjn+1 : j ∈ INn+1} ,
gr p e:m p `XUXbteZAu p Rbe[  SX]ntataZaZ-sTZ8s(Ucg$Z8[/UXZa`be[zUcg
Bn+1
¡ ?¹[giUcu^Za`gr`vs^SZ p tvum p `VUcbetaZlu^btvusTgRZ8S
[ngiUZa[/UcZa`be[/UXg¤Ucu^Z
(n + 1)
§zUcu¬Z8rZ8beS /beeZ-s p [ns­be[nSVU p [/UcQ p sTb :Za`cZa[/Um p `VUcbetaZb[­Ucu^Z
Bn+1eZazZa·SXm^eb®UvS\b[/UXg(Ujg(gSVmn`Xbe[  S8¡
 ZsTZa[ngiUXZ¢RQ
τN
UXu^Zeb®ZaUXbeY(Zgi	UXu^Z
N
¸  Z8[^ZUcbetY(gTsTZa
τN = inf{n ≥ 0 : 1
N
N∑
i=1
δξin
6∈ Pn(E)} .
¥ gr`Z p tvuUXbeY(Z
n < τN
ZNsTZa[^grUXZ¢RQ
ηNn
p [ns
η̂Nn
UXu^ZNm p `VUcbetaZsTZa[SVbUjQm^`cg8neZ8S p ScSVgTtab p UXZ8s(bUXu
Ucu^Z
N
¸¿m p `XUXbteZY6gTsTZ8
ηNn =
1
N
N∑
i=1
δξin
p [s
η̂Nn = Ψn(η
N
n ) .
¥ gr`NZ p tvuMUcbY(Z
n < τN
UXunZ
N
§/m p `VUcbetaZ p m^mn`Xg TbeY p UXbe[  Y(Z p SX]^`XZ-S
γNn
p ScSXgRtab p UXZ-sªb®Ucu
γn
p `cZ
s^Z8n[^Z-s&gr` p [RQ
f ∈ Bb(E)
¢RQ
γNn (f) = η
N
n (f)
n−1∏
p=0
ηNp (gp) .
 giUcZlUcu p U
γNn (gn) =
n∏
p=0
ηNp (gp) =
n∏
p=1
|INp |
N
,
p [ns
η̂Nn = Ψn(η
N
n ) =
1
|INn |
∑
i∈INn
δ(ξin(t) , T
−,i
n ≤ t ≤ T+,in ) .
>\unZ p SXQRY6m^UXgiUcbetN¢EZau p /begr` p S
N → ∞ giUXunZb[/UcZa` p tUcb[  m p `XUXbteZY(gRs^ZaZu p zZtgr[SjUc`X]ntUXZ-su p SN¢EZaZa[SVUX]sTbZ-s­b[­Y p [RQLgz`X TS8¡  Z`cZZ8`NUXu^Z`XZ p sTZ8`lUcgªUXunZSV]^`crZ8QMm p mZ8` Ê| be[LUcu^Zt p SXZ
grSVUX`cbtUXeQmEgzSXb®UcbzZmgrUXZ8[zUcb p eS
gn
p [s   ¶Ey·gz`[^gr[¤[^Z zp UcbzZNmgrUXZa[/Ucb p eS8¡ ¥ gz`\UXu^Ztagr[RrZ8[^beZa[ntaZ
grUcu^Z`XZ p sTZ8`\ZNu p zZNtvungzSXZa[Ucg(m^`XZ-SVZ8[/UUcu^ZbeY6m p tUqgr0SXgrY(ZNZTmEgr[^Z8[zUcb p  p [ns
Lp
¸IY(Z p [Za`c`Xgz`
Z-SjUcbY p UXZ8S8¶ p [s p n]tUX] p UXbegr[`cZ8SX]^®U-¶^be[Ucu^Z p [ p QTSXbeSgr0` p `cZlZ8rZ8[zUvSa¡
(Û0Ü( 
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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	 "!#$%'&)(*+-,#/.*01 HDy
  °R´  °    $A .
0 ≤ n ≤ m + 1   $%A 10"Q   A	+0 + cn
 +	    $A .
N ≥ 1
P(τN ≤ n) ≤ cn exp (−N/cn) .
  +$0 
	D 0
	S 
γNn (gn)
$% 
*
E(γNn (gn) 1(τN > n)
) = P(Tn ≤ T )
 $ 	 
p ≥ 1    (
(E| γNn (gn) 1(τN > n) − P(Tn ≤ T ) |
p)1/p ≤ ap bn/
√
N ,
$	SQ   B	+0 +
ap < ∞ 
 
	  +/.@ B"  +$%	@ $
p
- $ 	SQ+  
	 0 +
bn < ∞ 
 
	   /.  +*"     
	@+$%	@ $
n 
      
  $  . 00
  	 

f ∈ Bb(E)
     ‖f‖ ≤ 1
(E| η̂Nn (f) 1(τN > n) − E(f(Xt , Tn−1 ≤ t ≤ Tn) | Tn ≤ T ) |
p)1/p ≤ ap bn/
√
N .
 Z(be]SjUc` p UXZUcu^Z6bY(m p tUNgiUcu^beS p SVQRY(mTUXgrUXbttagr[RrZ8`  Za[ntaZUXu^Z8gr`cZaY¢RQªtvu^gzSXb[  SXgrY(Zm p `V¸
Ucbeta]^ p `qUcZ8SVUA]^[tUXbegr[Sa¡ ¥ gr`lZ p tvu
u > 0
ZsTZ8n[^ZUXu^Z]^[ntUcbgz[
f (u)
gz[
E
¢RQSXZUXUXbe[  gz`AZ p tvu
x = (xr , s ≤ r ≤ t) ∈ D([s, t], S)
b®Ucu
s ≤ t ¶
f (u)(x) =
{
1
b® |t − s| ≤ u
0
b® |t − s| > u
:
2^¡  =
?¹[­Ucu^bS[^grU p Ucbgz[
u → Ψn(ηn)(f (u))
bSUXunZ`XZ8m p `XUXbUXbegr[¦]^[tUXbegr[ giUXu^Z&b[/UXZ8`VUcbY(Z
Tn − Tn−1¢EZUjZaZ8[Ujgtgz[nSVZ-t]TUcbzZNZ8rZaS
Bn−1
p [s
Bn
¶RUXu p UqbS
Ψn(ηn)(f
(u)) = P(Tn − Tn−1 ≤ u | Tn ≤ R)
>\unZm p `VUcbetaZ p m^m^`cg TbY p UXbegr[¤gi+Ucu^beSd/] p [/Ucb®UjQ¤bSqUcu^Z$mn`Xgzmgz`VUcbgz[ªgim p UXunSlu p Rb[  m p ScSXZ8s`cgrY
Bn−1
UXg
Bn
be[&UcbY(Z
u
¡
 g} pJ;)5 >¸3UjQRmEZ`cZ8SX]^®U$gr[¬Ucu^ZZ8`X`cgr`n]tUX] p UXbegr[Sa¡ 5 ZU6]nS8`cSVUbe[zUc`XgTsT]tZUcu^Zgzeg}b[ 
[ngiU p UXbegr[
an =
n∑
p=0
E
[
[∆np−1,p(Tp, XTp) 1Tp≤T − 1]2 |Tp−1 ≤ T
]
,
p [ns
bn =
n∑
p=0
E
[
1Tp≤T [∆
n
p,p(Tp, XTp) − 1]2 |Tp−1 ≤ T
]
,
bUXuUcu^ZN]^[ntUXbegr[nS
∆np,q
sTZ8[^Z8s¢RQ
∆np,q(t, x) =
P(Tn ≤ T |Tq = t, XTq = x)
P(Tn ≤ T |Tp ≤ T )
.
Ü	Ü ß-T 3X÷*X
H-  $%	  $%
< R<+
  °R´  °    $O+.
0 ≤ n ≤ m Q    +	   $ 	 (*$0
 
W Nn+1 =
√
N
(
1τN<n γ
N
n+1(1) − P(Tn ≤ T )
)
	+($PB J10 $0    
   A G0

N(0, σ2n)
    
σ2n = P(Tn ≤ T )2(an − bn).
 ZZa[sUcu^bSSVZ-tUXbegr[bUXu p m^uRQTSVbt p :s^beSct]nScSXbgz[&gz[Ucu^ZNUXZ8`XYS
an
¶ p [s
bn
¡
  ´ô´ Ï ´   $O+.S 
	@  $0      (O  $ 	  
an − bn =
n∑
p=0
(
1
P(Tp ≤ T |Tp−1 ≤ T )
− 1
)
+
n∑
p=0
E
[[
P(Tn ≤ T |Tp, XTp)
P(Tn ≤ T |Tp ≤ T )
− 1
]2
|Tp ≤ T
]
×
[
1
P(Tp ≤ T |Tp−1 ≤ T )
− P(Tp ≤ T |Tp−1 ≤ T )
]
.
  ´·´ c
¥ be`cSVUXeQr¶TZNgr¢nSXZa`crZlUXu p U
E
[
∆np−1,p(Tp, XTp) | Tp ≤ T
]
= E
[
P(Tn ≤ T |Tp, XTp)
P(Tn ≤ T |Tp−1 ≤ T )
| Tp ≤ T
]
=
P(Tn ≤ T |Tp ≤ T )
P(Tn ≤ T |Tp−1 ≤ T )
.
lSVbe[  UXunZN p tUUcu p U
q ≥ p =⇒ P(Tq ≤ T , Tp ≤ T ) = P(Tq ≤ T )Ztgz[nte]nsTZUXu p U
E
[
∆np−1,p(Tp, XTp) | Tp ≤ T
]
=
1
P(Tp ≤ T |Tp−1 ≤ T )
.
:
2^¡Ó| =
?¹[¤Y$]ntvuUcu^ZS p Y(ZN p Qz¶/ZNgr¢nSXZa`crZlUXu p U
E
[
fp(Tp, XTp) 1Tp≤T | Tp−1 ≤ T
]
E
[
1Tp≤T | Tp−1 ≤ T
] = E
[
fp(Tp, XTp) | Tp ≤ T
]
gz` p [RQY(Z p SV]n` p ¢^Zl]^[ntUXbegr[
fp
gz[
(R+ × S)
¡Q>\u^beS\QRbeZas^SUXu p U
E
[
fp(Tp, XTp) 1Tp≤T | Tp−1 ≤ T
]
= E
[
fp(Tp, XTp) | Tp ≤ T
]
× P(Tp ≤ T |Tp−1 ≤ T ).
(Û0Ü( 
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lSVbe[  :
2n¡Ê| = ¶TZB8n[ns&UXu p U
E
[
∆np−1,p(Tp, XTp) 1Tp≤T |Tp−1 ≤ T
]
= E
[
∆np−1,p(Tp, XTp)|Tp ≤ T
]
× P(Tp ≤ T |Tp−1 ≤ T ) = 1.
¥ `XgzYUXunZ p ¢Eg}rZgr¢nSXZa`c p UXbegr[Sa¶RZ p `X`cberZ p U
E
[
[∆np−1,p(Tp, XTp) 1Tp≤T − 1]2 |Tp−1 ≤ T
]
= E
[
[∆np−1,p(Tp, XTp)]
2 |Tp ≤ T
]
× P(Tp ≤ T |Tp−1 ≤ T ) − 1.
lSVbe[ pi/p be[ :2^¡Ó| = ¶nZNZa[s&]nmbUXuUcu^ZNgreg}be[  gr`cY]^ p
E
[
[∆np−1,p(Tp, XTp) 1Tp≤T − 1]2 |Tp−1 ≤ T
]
= E


[
∆np−1,p(Tp, XTp)
E
[
∆np−1,p(Tp, XTp) |Tp ≤ T
]
]2
|Tp ≤ T

 × 1
P(Tp ≤ T |Tp−1 ≤ T )
− 1.
 ZRU8¶nZSXZaZUXu p U
E
[
[∆np−1,p(Tp, XTp) 1Tp≤T − 1]2 |Tp−1 ≤ T
]
=
(
1
P(Tp ≤ T |Tp−1 ≤ T )
− 1
)
+E


[
∆np−1,p(Tp, XTp)
E
[
∆np−1,p(Tp, XTp) |Tp ≤ T
] − 1
]2
|Tp ≤ T

 × 1
P(Tp ≤ T |Tp−1 ≤ T )
an =
n∑
p=0
(
1
P(Tp ≤ T |Tp−1 ≤ T )
− 1
)
+
n∑
p=0
1
P(Tp ≤ T |Tp−1 ≤ T )
E


[
∆np−1,p(Tp, XTp)
E
[
∆np−1,p(Tp, XTp) |Tp ≤ T
] − 1
]2
|Tp ≤ T

 .
>	g6U p  rZUXu^ZB8[ p ·SVUXZ8m·¶^Zgz¢nSXZa`crZlUXu p U
∆np−1,p(Tp, XTp)
E
[
∆np−1,p(Tp, XTp) |Tp ≤ T
] = P(Tn ≤ T |Tp, XTp)
E
[
P(Tn ≤ T |Tp, XTp) |Tp ≤ T
]
=
P(Tn ≤ T |Tp, XTp)
P(Tn ≤ T |Tp ≤ T )
= ∆np,p(Tp, XTp).
Ü	Ü ß-T 3X÷*X
H-{  $%	  $%
< R<+
>\unbeS\Z8[ns^S\Ucu^Zm^`cg/gr	grUXunZm^`Xgzmg/SVbUXbegr[¡
 g} ZNZTm^ p be[Ucu^ZY(Z p [^b[  grUcu^beSqm^`Xgzmg/SVbUXbegr[¡-?¿
P(Tn ≤ T |Tp, XTp)
sTgRZ8S[^grUqsTZamEZa[ns
gz[
(Tp, XTp)
 bzZa[
(Tn ≤ T )
¶/b3¡ Zr¡+sTgRZ8S[^grUsTZ8mZ8[nsgz[Ucu^Zlunb®UXUXbe[  UcbY(Z p [nsmgzb[/U\giUXunZleZazZa
SXZU
Bp
¶RUXu^Z8[
E
[[
P(Tn ≤ T |Tp, XTp)
P(Tn ≤ T |Tp ≤ T )
− 1
]2
|Tp ≤ T
]
= 0
p [nsb·UXunbeSu^grs^Sôgr` p [RQ
p = 0, 1, . . . , n
¶zUcu^Za[UXu^Z p SXQRY6m^UXgiUcbetA p `cb p [ntZq`cZ8s^]ntZ-S+UXg$UXunZAZTm^`cZ8SV¸
SXbegr[
σ2n =
n∑
p=0
(
1
P(Tp ≤ T |Tp−1 ≤ T )
− 1
)
p S  bzZa[be[ DH8I¡-?jsTZ p eQr¶/UXunZleZazZa:SVZaU
Bp
SVungr]^s¢EZtvungzSXZa[SX]ntvuUcu p U
P(Tn ≤ T |Tp, XTp)
sTgRZ8S
[ngiUôsTZ8mZ8[ns(gr[
(Tp, XTp)
 berZ8[
(Tn ≤ T )
¡ rZ8[(b®:UXunbeSôbeSteZ p `ceQ]^[^`cZ p bSjUcbetgz`Y(gzSVUm^` p tUcbet p 
mn`Xgz¢^Z8YSa¶RUcu^beS\gz¢nSXZa`c p UXbegr[  berZ8S p [&be[nSXb  u/U\gz[¤u^g} Ucg(tvung/g/SVZlUXunZZ8rZa·SXZUvSa¡
   
­	  
>\unZ  Z8[^ZUcbetm p `XUXbteZ p m^m^`cg TbY p UXbe[  Y(gRs^Zas^Z8Sct`cb¢EZ8s­be[­UXu^Z&m^`cZaRbgz]nSSXZ8tUXbegr[¬t p [¬¢Z&b[/UXZ8`V¸
mn`XZaU p UcZ8s p S p ¢^be`VUcu p [s¬sTZ p UXu¬m p `VUcbetaZY(gTsTZ83¡9>\u^Zm p `XUXbteZsTbeZ8S$b®bU6sTgRZ8S[^giU6SV]nt8tZ8Z8s¦UXg
`cZ p tvuUcu^ZsTZ8SXbe`XZ-seZazZa p [sbUAsT]^m^ebt p UcZ8S\be[ªSVgzY6ZNg:SXm^`cb[  Su^Za[¤bUqu^b®UvS\UXunbeSeZazZaI¡ l[^ZN p Q
UcgY(gRs^ZaUcu^Z  Z8[^Z p g  bt p nUc`XZ8Z p [ns&UXunZbe[^Zgr p [ntZ-SjUcgr`vS\gi0UXu^Zm p `XUXbteZ8S p eberZ p UASXgrY(Z  berZ8[
s p UXZNbS\UXgtagr[nSXbes^Za`\UXunZSjUcgRtvu p SVUXbtlSXZ8d/]^Z8[ntZ
Yn = (X0, · · · , Xn) ∈ En = E × · · · × E︸ ︷︷ ︸
(n + 1)
§zUcbY(Z-S
?¿UNbSA[^grUsTbFt]^UUXg¤tvu^Z8tv &UXu p U
Yn
gz`XYS p UcbY(Z6b[^ungrY(g  Za[^gz]nS £Mp `X zg}tvu p b[ªbUXu £Mp `c rg}
Uc` p [nSXb®Ucbgz[nS
Qn+1
`cgrY
En
be[/UXg
En+1
Qn+1(x0, · · · , xn, dx′0, · · · , dx′n, dx′n+1) = δ(x0, · · · , xn)(dx
′
0, · · · , dx′n) Kn+1(x′n, dx′n+1)
5 ZU
hn
¢EZNUXu^ZY p m^m^be[  `XgzY
En
b[/Ucg
[0,∞) sTZ8n[^Z8s¢RQ
hn(x0, · · · , xn) = gn(xn)
(Û0Ü( 
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 H-
?¹[Ucu^beS\[ngiU p UXbegr[Zu p rZlgr` p [RQ
fn ∈ Bb(En)
UXu^Z ¥ ZaQR[^Y p [T§R¨ p tl`cZam^`cZ8SXZa[/U p UXbegr[
µ̂n(fn) =
E(fn(Yn)
n∏
p=0
hp(Yp))
E(
n∏
p=0
hp(Yp))
= E(fn(X0, (Xt , 0 ≤ t ≤ T1), · · · , (Xt , Tn−1 ≤ t ≤ Tn)) | Tn ≤ T )
= E(fn([Xt , 0 ≤ t ≤ Tn]) | Tn ≤ T )
lSVbe[  Ucu^ZS p Y(Zeb[nZ8Sqgr+`XZ p SXgr[^be[ p S p ¢g}zZNUXu^Z
N
¸Im p `XUXbteZ p m^m^`cg TbY p UXbe[  Y6gTsTZ8 p SXSXgTtb p UXZ-s
bUXuUXu^Z-SVZ ¥ ZaQR[^Y p [R§R¨ p t+sTbeSVUX`cbe¢^]TUXbegr[S·bS przp be[ p Z8[^ZUcbet p   gz`XbUXu^Y b®UcuY]^U p Ucbgz[UX` p [SVbUXbegr[nS
Qn
p [nsmgrUXZa[/Ucb p ]n[ntUcbgz[nS
hn
¡ AZa`cZAUcu^Zlm p UXu^¸Im p `VUcbetaZ p UUXbeY(Z
n
U p  zZA p e]^Z-Sbe[
En
p [sUXunZaQ
t p [¢Z`cbUVUXZ8[ p Sgreeg}qS
ζin = (ξ
i
0,n, · · · , ξin,n)
p [ns
ζ̂in = (ξ̂
i
0,n, · · · , ξ̂in,n) ∈ En
bUXugz`Z p tvu
0 ≤ p ≤ n
ξip,n = (ξ
i
p,n(t) , T
i
p−1,n ≤ t ≤ T ip,n)
p [s
ξ̂ip,n = (ξ̂
i
p,n(t) , T̂
i
p−1,n ≤ t ≤ T̂ ip,n) ∈ E
>\unZNSXZaeZ8tUXbegr[&UX` p [nSXbUXbegr[¤tgr[SVbSjUvS\b[¤` p [ns^grY(QSXZaeZ8tUXbe[ p m p UcuT¸¹SVZ-dz]nZa[ntaZ
ζin = (ξ
i
0,n, · · · , ξin,n)
mn`Xgzmgz`VUcbgz[ p eQ6Ucgb®UvSR8^UX[nZ8ScS
hn(ξ
i
0,n, · · · , ξin,n) = gn(ξin,n)
>\unZY$]TU p UXbegr[ SjU pi Z¤tagr[nSXbSjUvS$be[ ZRUXZ8[nsTbe[  UXu^ZMSXZaeZ8tUXZ-s m p UXunS p tatagr`vsTb[  Ucg p [ Z8Z8Y(Za[/U p `XQ
Kn+1
¸3Uc` p [nSXb®Ucbgz[·¶RUXu p UqbeS
ζin+1 = ((ξ
i
0,n+1, · · · , ξin,n+1), ξin+1,n+1) = ((ξ̂i0,n, · · · , ξ̂in,n), ξin+1,n+1) ∈ En+1 = En × E
unZa`cZ
ξin+1,n+1
bS p ` p [sTgrY  p `cb p ¢^Zb®Ucu5 p 
Kn+1(ξ̂
i
n,n, ·)
¡'6Q p SVbeY(m^Z p `  ]^Y(Z8[zUlZSXZaZ
Ucu p UUcu^ZZazgre]TUXbegr[ p ScSVgTtab p UXZ8sb®UcuUXu^ZZ8[nsmgzb[/UcSqgiUcu^Zm p UXunS
ξn = (ξ
1
n,n, · · · , ξNn,n)
p [s
ξ̂n = (ξ̂
1
n,n, · · · , ξ̂Nn,n) ∈ E
tagrbe[ntbsTZ6b®Ucu5Ucu^Z  Z8[^ZUcbet p   gz`XbUXunY(SNsTZ-SXta`Xbe¢EZ8sMbe[¬PRZ8tUXbegr[J2^¡  Ztgz[nte]nsTZ6UXu p UNUXu^Z6gz`XY(Za`
m p UXu^¸Im p `VUcbetaZ £5p `c rg}tvu p b[ªY(gTsTZ8eSqUXu^Z$Zargz]^UXbegr[ªbe[¤UXbeY6Z$giUXunZ$tgz`X`cZ8SXmEgr[nsTbe[ ( Z8[^Z p g  bt p 
Ü	Ü ß-T 3X÷*X
r  $%	  $%
< R<+
Uc`XZ8Z8S8¡ ¥ gr`+Z p tvuUcbY(Z
n < τN
ZsTZa[^grUXZ\¢RQ
µNn
p [ns
µ̂Nn
Ucu^Zm p `VUcbetaZ\sTZa[SVbUjQm^`cg8neZ8S p SXSXgTtb p UXZ-s
bUXuUcu^Z p [ntaZ8SVUXgz`ebe[^Z8S\gr	Ucu^beS  Za[nZ p eg  bet p UX`cZaZN¢ p SVZ-s p   gr`cb®Ucu^Y
µNn =
1
N
N∑
i=1
δ(ξi0,n, · · · , ξin,n)
p [s
µ̂Nn =
1
|INn |
∑
i∈INn
δ(ξi0,n, · · · , ξin,n)
bUXu
INn = {1 ≤ i ≤ N : ξin,n(T in,n) ∈ Bn}
>\unZ p SVQRY(mTUXgrUXbtA¢EZau p /begr`gi  Za[^Z p eg  bet p ^Uc`XZ8Zl¢ p SXZ8s p   gr`cb®Ucu^Y u p S¢EZaZa[SjUc]nsTbeZ8s&b[ {b[&UXu^Z
tagr[/UXZRUNgrSVUX`cbetUXeQMmEgzSXb®UcbzZ6mEgiUcZa[/UXb p S p [sM]^`XUXunZa`sTZ8rZ8gzm^mZ-s5be[    +gr`[^gz[L[^Z zp UXberZ(gr[^Z-Sa¡
?¹[¤gz]^`qtgz[zUcZRUUXunZm p UcuT¸IzZa`vSVbegr[gi0UXunZ
Lp
¸¿Y(Z p [&Z8`X`cgr`Z-SjUcbY p UcZ8S\m^`cZ8SXZa[/UcZ8sb[Ucu^Zagz`XZ8Y 6t p [
¢EZSVU p UcZ8s p Sgzeg}qSa¡
  °R´  °    $9 .
p ≥ 1  0 ≤ n ≤ m + 1  +.J 0   	 
 fn ∈ Bb(En)
    
‖f‖ ≤ 1    (
(E| µ̂Nn (fn) 1(τN > n) − E(fn([Xt , 0 ≤ t ≤ Tn]) | Tn ≤ T ) |
p)1/p ≤ ap bn/
√
N
$"	@Q+  9	+0 +
ap < ∞ 
 
	   /.       +$%	@ $
p
J	@Q+  
	 0 +
bn < ∞ 
 
	        
	@ $%	S $
n 
¥ greg}be[  Ucu^ZAgz¢nSXZa`c p UXbegr[nS  berZa[(Ucu^ZZa[nsgrUXu^Zlm^`cZaRbgz]nSôSXZ8tUXbegr[eZU]nStvu^gRgzSXZ p tagreZ-tUXbegr[gr
UcbY(Z-S
u1 > 0
¶e¡¡e¡¶
un > 0
¡ 5 ZU
f
(u)
n
¶
u = (u1, · · · , un)
¶^¢EZNUXunZNUXZ8SVU]^[ntUXbegr[¤gr[
En
sTZ8[^Z8s¢RQ
f (u)n (x0, · · · , xn) = f (u1)(x1) · · · f (un)(xn)
bUXu
f (up)
sTZ8n[nZ8sb[ :2^¡  = ¡-?¹[&UXunbeSqSXbUX] p UXbegr[Zu p zZ
µn(f
(u)
n ) = P(T1 − T0 ≤ u1, · · · , Tn − Tn−1 ≤ un | Tn ≤ T )
>\unZm p `XUXbteZ p mnm^`Xg TbeY p UXbegr[Stgr[SVbSjUvSbe[Mtgr]n[zUcb[ p UqZ p tvuªeZarZ8
1 ≤ p ≤ n Ucu^Zm^`cgrmEgr`XUXbegr[¤gip [ntZ-SjUc` p :be[^Z8S\u p /be[  SX]ntataZaZ8s^Z8sUXgm p SXSUXunZ
p
¸IUXu¤Z8rZ8eS\be[UcbY(Z
up
¡
?¹[ ¥ b  ]^`cZHZ&be]SjUc` p UXZUcu^Z  Za[^Z p eg  bt p m p `VUcbetaZY(gTsTZ8 p SXSXgTtb p UXZ-s¦b®Ucu p m p `VUcbetaZ
XZ8rgzRbe[  b[ p mEgRtv zZU
C ⊂ S tgz[zU p be[^be[  gr]^`Nu p `vs¦gr¢nSVU p teZ8S*N R ¡  Z p SXSXgTtb p UcZ$Ucg p¤ berZ8[SVUX` p UcbM8Et p Ucbgz[gr	Ucu^ZmgTtv zZU
C
R ⊂ C0 ⊂ C1 ⊂ C2
Ucu^ZSXZ8d/]^Za[tZNgi0ZTb®UqeZazZaS
B0 = S \ R ⊃ B1 = S \ C0 ⊃ B2 = S \ C1 ⊃ B3 = S \ C2
>\unZNs^Z8SXb`cZ8sU p `  ZUqSVZaUqu^Za`cZNbeS
B = B3
¡
(Û0Ü( 
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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01  H
B=S-C(2)
hard obstacles=
killed particles= or
C(0) C(1) C(2)
¥ b  ]^`cZ   ¡ p ` p ¢^bet R8  ]^`cZ Za[nZ p eg  bet p :Y(gTsTZaI¶  ZTb®Ugr ; :I = ¢EZgr`cZN Rbebe[   :  | =
?¹[ ¥ b  ]^`XZ(Z6be]SjUc` p UXZUcu^Z  Z8[^Z p g  bt p 	m p `XUXbteZY(gTsTZ8	gz` p m p `VUcbetaZ
X
ZazgreRb[  b[ p SXZU
A ⊂ S b®Ucu`cZ8ta]^`X`cZa[/UôSX]^¢nSXZU R = S \A ¡ >g$`XZ p tvu6UXunZlsTZ-SVbe`XZ-s6U p `  ZUSXZU B4 Ucu^ZAm^`cgTtZ-SXSô[^ZaZ-sUcg(m p ScSUXu^ZSXZ8d/]^Z8[ntZNgr	eZarZ8eS
B0 ⊃ B1 ⊃ B2 ⊃ B3 ⊃ B4
  	
 	
?¹[Ucu^beSlSVZ-tUcbgz[Zbes^beSct]nScSqSXgrY(ZNm^` p tUcbet p  p SVmEZ8tUcS\gr0Ucu^Zm^`cgrmEgzSXZ8s&Y(ZUXungRs p [ns¤tgzY6m p `cZ
bU\b®UcuUcu^ZlY p b[&giUXunZa` p   gz`XbUXu^YSôb[&UXu^Zeb®UcZa` p UX]n`XZAgr`UXu^ZS p Y(ZAmn]^`XmEgzSXZr¶/Ucu p U\beS'
	  $0 	
	 / P
	  lp [ns /    Pr¡
¥ be`cSVUgi p eI¶unZa[ ?VP p e`cZ p s^Q  berZ-S(rZa`cQ  g/gTs©`cZ8SX]^®UvSa¶Ucu^Za[#zZa`cQbe rZ8 RQUXu p UbUbS[^giU
[nZ8tZ-SXS p `cQ&UXg 8n[ns5SXgrY(ZaUXu^be[  ZaSVZz¡ l[^Z  g/gTsMZ p Uc]^`cZgiE?VPªbSAUcg  bzZbI¡ bI¡ s¡SXZ8d/]^Za[tZ8S8¶:u^btvu
p `XZd/]^bUXZSXbeY6mnZUcg p [ p QGC8Zr¡+Z8`XQLgi UcZa[¦UXu^Zm^`Xgzmg/SVbUXbegr[¬sTbSVUX`cb¢^]^UXbegr[­beS$tvu^gzSXZa[¦]nSXb[   p `  Z
s^ZaRb p UXbegr[ p `  ]^Y(Za[/UcS8¶ p UeZ p SjUb[UXu^ZNt p SVZlgiSVU p UXbtAm^`cgr¢nZ8Y(S8¶RSVZ8Zqgr`be[nSjU p [ntaZ 2¿¡-6]^U\taZ p `cQ
bU&bS&[^giU p e p QTSgz¢/Rbegr]nSu^g} UXg©sTZ8SXb  [ p [ ?VP#m^`XgTtaZ8sT]^`cZªgz` p bzZa[#m^`cgr¢nZ8Y¶AZ8SXmZ-tb p eQ
gz`s^Q/[ p [^bt p Y(gTsTZaSNSV]ntvu p S £5p `c rg}m^`XgTtaZ8ScSVZ-Sa¡ >\ungr]  uMb[¦SVgzY(ZrZ8`XQbeY6mEgr`XU p [/Ulm^` p tUXbt p 
mn`Xgz¢^Z8YSa¶b®UY p Q¢EZ$d/]^bUXZZ p SXQUcg 8n[ns p SVZ-d/]^Za[ntaZgi+[^Z-SjUcZ8sMSXZUvSAtagr[/U p b[^be[  Ucu^Z` p `cZZazZa[/U8¡
?¹[ªSX]ntvu¤t p SXZ8S8¶Rb®UqbS\Ucu^Za[ p mnmZ p eb[  Ucg6]SVZSXgrY(ZSVm^ebUVUXbe[  UcZ8tvu^[^bd/]^Zr¡
PRgZaU]nSgRta]nS[ng} gz[SVm^ebUVUXbe[  ¡ l]n`ôY p be[mgzb[/UôunZa`cZqbeSUXu p Uôgr]n` p   gz`XbUXunY u p SUXu^ZS p Y(Z
p m^m^ebet p Ucbgz[MsTgrY p be[ p SASVm^ebUVUXbe[  ¶E¢n]TUlmEZa`Xgr`cYS¢ZaUVUcZa`b®UcuMRb`XUX] p eQ[^g p snsTb®Ucbgz[ p 0tg/SjU-¡ 5 ZU
Ü	Ü ß-T 3X÷*X
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=B(4)=target set
A
B(0)
B(1)
B(2)
B(3)
¥ b  ]^`cZ   ¡ p ` p ¢^bt 78  ]^`XZ Za[^Z p eg  bt p :Y6gTsTZ83¶  ¢ p ebeSVUXbtN`cZ  beY(Zr¶/U p `  ZU6B:   = E:    =
]Stgz[nSXbesTZ8` p SXbY(m^ebM8Z8s¦` p Y(Zagr`c   p ScSV]nY6Z(Ucu^Z £Mp `X zg}Mm^`cgTtZ8ScSNbSbe[¬gr[^Zs^bY(Za[SVbegr[·¶ p [s
Ucu p UlZu p rZY p [ pr Z-sUcgSXZUqUcu^ZeZazZaSASX]ntvuUXu p U p e·Ucu^Zm^`cgr¢ p ¢^bebUXbeZ8S
P(Tq+1 ≤ T |Tq ≤ T )p `XZZ-d/] p +Ucg¤UXu^Z&S p Y6Z
P
¡ ¥ gr`Ucu^ZSXm^bUVUcb[ 5p   gz`XbUXu^Y¤¶ p ScSV]^Y(Z p ôUXu^Z¢n` p [ntvu^be[  ` p UXZ8S p `cZ
1/P
¡O>\u^bSbeS p [5gzmTUXbeY p SXZUVUcb[  gz`NUXu^ZSXm^bUVUcb[ p   gr`cb®Ucu^Y p SNSXu^g}[5be[ DH8I¡ ?¹[5Ucu^beSt p SXZr¶
Ucu^Z p `cb p [ntZgi0UXunZSVm^ebUVUXbe[ p SVUXbeY p Ucgr`bS 
n
1 − P
P
P(Tn ≤ T )2,
unbetvubeSUcu^ZS p Y(Z p SUXunZ p SVQRY(mTUcgiUXbt p `cb p [ntZgigr]^` p   gr`cb®Ucu^Y p S  bzZa[¢/QUXu^Z8gr`cZaY 2n¡ >\unbeS
Y(Z p [nSUXu p U\UXu^ZNm p `VUcbetaZNY(ZUcu^gTsmEZa`Xgr`cYSB: p SXQRY(mTUXgrUXbt p eeQ = hj]nSVU p S\Zae p SUXu^ZSXm^bUVUcb[  bUXu
gzmTUXbeY p T¢^` p [tvu^b[  ` p UcZ8S8¡0PRgZ\u p rZ p Y(ZUcu^gTs6tag/SVZUcgSVm^ebUVUXbe[  ¶r¢^]TUbUXueZ8ScSm p ` p Y6ZaUXZ8`cS	UXg
Uc]^[^Zz¶ p [ns$SjUcbeRb®UcuUcu^ZS p Y6Z p t8t]^` p taQr¡ £ gz`XZ8g}rZ8`8¶8UXu^Z\tgzY(m^ZTb®UjQbS	UXu^Z\S p Y(Zr¶DUXunZgz[^Q p s^sTZ-s
gr`c MbSNUXgª` p [sTgrY(eQ5tvu^gRgzSXZ(u^betvu­m p `VUcbetaZ-Su p zZ6g:SXm^`cb[  SNbe[LUcu^ZSXZaeZ8tUXbegr[¬SjUcZam·¶0u^btvu­beS
[nZ  eb  Z p ¢^eZtagrY(m p `cZ8sUXg6UXu^ZSXbeY]^ p Ucbgz[gi	UXu^ZNUc` p hjZ8tUXgr`cbeZ8S8¡  giUXZUcu p U¢EgiUXu p `XZY]ntvu¢EZUVUcZa`
Ucu p [[ p bzZ £ gr[/UXZa¸ ;p `Xeg$unbetvuu p rZbe[&Ucu^bSqt p SVZ p  p `cb p [ntZZ8d/] p :UXg 
P(Tn ≤ T )(1− P(Tn ≤ T )).
?¿UbS p SVg6gr`XUXu[ngiUXbe[  UXu p U\UXu^Z
n
 p tUcgr`\be[Ucu^Z p SXQRY6m^UXgiUcbetl p `cb p [ntZNsTgRZ8S\[ngiUY(Z p [UXu p UUXu^Z
 p `Xb p [ntaZ(b[nta`XZ p SXZ8SbUXu
n
¡ ¥ gr` p¤ berZ8[Lmn`Xgz¢^Z8[·¶·Ucu^Z` p `cZ$Z8rZ8[zUmn`Xgz¢ p ¢^beeb®UjQMbSB8 TZ-s¶	SXg¤UXu^Z
(Û0Ü( 
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01 2
eZazZa·ta`Xg/SXSXb[  m^`cgr¢ p ¢^bebUjQbStegzSXZlUcg
P ' P(Tn ≤ T ) 1n
¶ p [s&ZNu p rZ
n
1 − P
P
' n(exp[− 1
n
log P(Tn ≤ T )] − 1)
' − log P(Tn ≤ T ) +
1
2n
log2 P(Tn ≤ T ) + o(
1
n2
),
unbetvuY(Z p [nSUXu p U p S
n
 gRZ8SUcg ∞ ¶DUXu^Z p `cb p [ntZôbeS0sTZ8ta`XZ p SXb[  UXg − log[P(Tn ≤ T )] P(Tn ≤ T )2 ¡?¹[ªm^` p tUXbt p  p m^mnbt p UXbegr[nS\Ucu^Z¢EZ8SVUAbSqSVgzY(ZUXbeY(Z8S p m^` pr Y p Ucbet p m^m^`cg p tvu¤tgzY¢^be[^be[  ?VP p [s
gz]^` p   gz`XbUXu^Y¤¡ 5 ZU]nS(Y(Z8[zUcbgz[ be[ UXu^bSt p SVZ DH- ¿¶ôbUXu [R]^Y(Za`cbet p SXbY$]^ p UXbegr[nS6gr p u/QR¢^`cbs
Y(gTsTZ83¶:u^btvu5t p [M¢EZ6tagr[nSXbes^Za`cZ8s p S p Ucg}Q&Y(gTsTZ8	gz`AUcu^gzSXZ]nSXZ8s5b[Lkqbe`B>	` p Ft £Mp [ pi ZaY(Za[/U8¡
>\unZlUcu^Zagz`XZaUXbt p ·SjUc]nsTQgrUcu^beSqm^`XgzY(beScSVbe[ (p m^mn`Xg p tvubSSVUXbeUcg¢Zs^gr[^Zz¡
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 ZbeSVu^g} b[¦Ucu^beS$SVZ-tUcbgz[Lu^g} UXunZm^`XZ8Rbgz]nSNY(ZUXungRs¦UcgMSVbeY]n p UXZ` p `cZ$Z8rZa[/UvSgz`X TSbe[ p
SXbeY6mnZt p SXZr¡kqUXungr]  uUXu^bSbeSteZ p `ceQ p Ucg}Q(Y6gTsTZ83¶/bU p eeg}qS]nSôUXgtvunZ8tv $UXu^ZlY6ZaUXu^gTs p tata]^` p tQ
gz[Ucu^ZtgzY6mn]TU p UXbegr[6giESXgrY(Zd/] p [/Ucb®UcbZ-S0UXu p Uu p rZgr`cY p R`Xb  gz`Xgz]nS	ZTm^`cZ8ScSVbegr[nS8¡ £ gz`XZ8g}rZ8`8¶-UXunbeS
mn`XgTtZ-SXSu p /be[  SXbY(m^eZ  p ]nSXSXb p [(b[t`cZaY(Za[/UcS8¶iUcu^Za`cZbS[^g[R]^Y(Z8`Xbt p TZa`c`Xgz`sT]^ZUcgsTbSXta`XZaUXbDC p Ucbgz[
Sctvu^Z8Y6Zz¡
>\u^Zmn`XgTtZ-SXS
X
bSNU p  rZa[¦Ucgª¢Z(Ucu^Z
1
¸ l`X[SjUcZabe[T¸ Au^eZa[R¢Z-tv Mm^`cgTtZ8ScS8¶·b3¡ Zr¡·UXu^ZSXgre]TUcbgz[Lgr
Ucu^ZP
dXt = −a Xt dt + σ
√
2adWt ,
unZa`cZ
a
p [ns
σ
p `cZMSjUc`XbtUcQ©mEgzSXb®UcbzZ5tgz[nSjU p [/UcS p [ns
W
Ucu^ZLSVU p [ns p `vs 6`Xg}[^b p [ Y(giUcbgz[#b[
R
¡ >\u^Z$`cZ8ta]^`c`XZ8[zUNSVZaU
R
bSNtvu^gzSXZa[ p S
(−∞, b−] ¶ p [nsªUcu^Za[LUXu^Z(m^`cgTtZ-SXS X bSNSjU p `XUXZ8s p USVgzY(Z
x0 ∈ A = (b−, +∞)
¡ berZa[MSXgrY(Z
b+ > x0
¶ZSXZUUcu^ZU p `  ZU
B = [b+, +∞) ¡E?¿UAbSqtaZ p `Ucu p Ub+ZNU p  zZ
b+
 p `  ZNZ8[^gr]  u·¶TUcu^Zm^`cgr¢ p ¢^bebUjQUXgunb®UqUcu^ZU p `  ZUAt p [¤¢EZY p sTZ p `X¢^bUX` p `cbeQSXY p e3¡
5 ZU]nSqs^Za[^grUXZN¢RQ
τ
UXu^ZSVUXgzm^m^be[  UXbeY6Z
τ = inf{t > 0 : Xt 6∈ (b−, b+)} .
?¹[gz`csTZ8`UXgtvu^Z-tv UXunZqY(ZUXungRs·¶rZbentgzY(m^]TUXZ
E[τ | Xτ = b+]
]nSXb[  ¢EgiUcu p£ gr[/UXZ§ ;p `Xeg
Y(ZaUXu^gTs¢ p SXZ8s&gr[gr]n`` p `cZZarZ8[/U p [ p eQTSVbS p m^mn`Xg p tvu p [nsUXu^ZNUcu^Zagz`XZaUXbt p :ZRmn`XZ-SXSXbgz[·¡ ¥ `cgrY Ê
ZNu p rZ
L(α) = Ex0 [e
−ατ
1(Xτ = b
+)] =
S(
α
a
,
x0
σ
,
b−
σ
)
S(
α
a
,
b+
σ
,
b−
σ
)
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unZa`cZ
S
beS p SVmEZ8tab p ^]^[tUXbegr[UXg¢EZAsTZ8n[^Z8sb[(Ucu^ZASXZ8d/]^ZaI¡ 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`cZ p SXbe[ 
SXZ8d/]^Z8[ntZgrR6gz`XZ8ôSVZaUcS {Bj , j = 1 . . .M} Z&tvu^gzSXZ p [­b[t`cZ p SXbe[  SXd/]^Z8[ntZgr\`cZ p [R]^Y¢EZa`vS
{bj , j = 1 . . .M}
¶bUXu
b− < b1 < · · · < bM < b+
p [s¤U p  rZ
Bj = (bj , +∞)
¡B?¹[5gr]n`lSXmZ-tb p 
t p SXZr¶Zt p [Mtvu^gRg/SVZNUcu^Zm^`cgr¢ p ¢^bebUjQgz` p m p `VUcbetaZ$SjU p `XUXZ8s p U
bj
UXg`XZ p tvu
bj+1
¶ p [nsªtgzY(m^]TUXZ
¢EgiUcuMu^Z$[/]nY¢EZa`AgrZ8rZ8eS p [nsªZ p tvuªeZazZa p tatagr`vsTb[  eQr¡7?¿ZU p  rZUcu^Z8SXZmn`Xgz¢ p ¢^beeb®UjQ&Z8d/] p gr`
p 
j
UXgS p Q
p
¶RUXunZa[
M = b logE[τ | Xτ = b
+]
log p
c.
(Û0Ü( 
 
	 
	 "!#$%'&)(*+-,#/.*01 zy
kA®UcZa`c[ p UcbzZaeQ(Zt p [&tvu^gRgzSXZ
M
p [stgzY(m^]TUXZ
p
¡  grUXZlUXu p UUcu^Zlmn`Xgz¢ p ¢^beeb®UjQ(giUcu^Z
N
§/m p `VUcbetaZ
tagz]nsUXg¢Z$ /beeZ-s¤¢Zagr`cZ`XZ p tvu^be[ 
b+
bS
1 − (1 − (1 − p)N )M u^btvuMt p [ª¢Z6SVY p eZ8rZ8[bUXup SXY p e[/]nY¢EZa`
N
gi0m p `XUXbteZ8S\u^Z8[
p
bSqS p Q p `  Za`UXu p [
1/2
¡ ¥ `XgzYUXu^bSZSVZ8ZNUXu p U p( gRgRs
SVUX` p UcZ  Q&bSqUcgY p  zZY p [RQ`X]n[nSAgrôgr]n` p   gz`XbUXunYgz[ p SXY p e	[R]^Y$¢Z8`lgrôm p `XUXbteZ8S8¶Eb[nSVUXZ p sªgr
gz[^eQ p Za`c]^[nS0gz[ p  p `  Z[R]^Y$¢Z8`gi^m p `VUcbetaZ-SE:Ïgr[Ucu^Z\S p Y6Z`X]n[·¶ p erUcu^Z  Za[nZa` p UXZ-sNUX` p hjZ-tUcgr`cbZ-S
p `XZgr¢RRbgz]nSXQSVUX`cgr[  Qtgz`X`cZa p UcZ8s = ¡kqeRUXunZ\tagr`c`XZ-SVmEgr[sTb[   p e]^Z8S
bj
p `cZôZ p SVbeeQtgrY(m^]^UXZ8s]nSXb[ 
ZTm^`XZ-SXSXbegr[nS p SUcu^Zgr[^Zbe[Z8d/] p Ucbgz[ :3^¡Ê = ¡
?¹[ ¥ b  ]^`cZq^¡ p ` p ¢^bt R8  ]^`cZ\ZqSXZaZUcu^ZZTmEZ8tU p Ucbgz[
E[τ | Xτ = b+]
p S p ]^[ntUXbegr[(gi
b+
¶ibUXu
b− = 0
¡S>\u^Z(¢^e]^Zt]^`crZ6beSUcu^Z[R]^Y(Za`cbet p eQMtagrY(m^]TUcZ8s5UXu^Z8gr`cZUcbet p + p e]^Zr¶ p [ns5UXu^Z(`cZ8s¦t]^`crZ
bS\Ucu^Z £ gz[zUcZ§ ;p `cg(SVbeY]n p UXbegr[¤`XZ-SV]n®U-¶nbUXu
880
`c]^[nSqgi
8
m p `XUXbteZ8SZ p tvu·¡)>\u^Zm p ` p Y(ZaUXZa`vS\gi
Ucu^Zl`c[nSVUXZ8b[T¸qunZ8[/¢EZ8tv 6m^`cgTtZ8ScS p `XZ
a = 0.1
¶
σ
√
2a = 0.3
p [s
x0 = 0.1
¡ >\u^Zl p `  Z8SVU p e]^ZAgr
b+
 p S
4.0
¡ >\u^bSY(Z p [nSUXu p UUcu^ZAm^`cgr¢ p ¢^bebUjQ6gr`ôUXu^Zm^`cgRtaZ8ScSôSVU p `VUcZ8s p U
x0 = 0.1
Ucg`cZ p tvu(UXu^Z
s^Z8SXb`cZ8s(eZazZanbS p m^m^`cg TbY p UcQ
1.6460× 10−08 ¶RSVgUcu^Za`cZAbS[ng p Qgi·SXbY$]^ p UXbe[  UX` p hjZ8tUXgz`XbeZ8S¢RQUcu^Z[ p bzZ p m^m^`cg p tvu¡
kA[^giUcu^Za`+Z p Y(m^Z-Sgr` p `cZôZ8rZa[/UvS·gz`s^b :]nSXbgz[nSY p Q¢EZgr]^[sbe[6kAes^gr]nS DH ¿¶iu^btvum^`cZ8SXZa[/UcS
pMf gzbeScSXgr[¬te]^Y(m^be[  u^Z8]^`XbSVUXbt p SZae p S[R]^Y(Za`cgr]SZ p Y(m^eZ8S p [ns­`cZZ8`XZ8[ntZ-Sa¡ ¥ gz`be[nSjU p [ntaZr¶
gzeg}be[  Hi¶+PRZ-tUXbegr[J?0H H ¿¶·ZaUtgz[nSVbsTZ8` p sTb :]nSXbgz[­b[
R
d SVU p `VUcb[  `cgrY 0 b®UcusT`Xb U µ(x) =
−∇H(x) p [sL p `Xb p [ntaZ σ(x) = σ0I ¡PR]^mnmg/SVZ H bS p SVY(gRgiUcu­tagr[RrZM]^[ntUXbegr[ p UXU p b[^be[  bUcSY(be[^beY]^Y p U
0
b®Ucu
H(0) = 0
p [sªSV]ntvu¤Ucu p U
H(x) → ∞ p S |x| → ∞ ¡ 5 ZaU B ¢Z p ¢ p ·bUXutaZa[/UXZ8` p U
0
b®Ucu¦` p s^b]nS
r
¶unZa`cZ
r
beSSX] FtbeZa[/UcQM p `  Z$UXu p U
π(Bc)
beSSXY p e3¶u^Za`cZ
π
bSNUXu^Z
SVU p UXbegr[ p `XQs^beSVUX`cb¢n]TUXbegr[
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